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Abstract
Near-horizon symmetries are studied for black hole solutions to Einstein equations containing
supertranslation field constructed by Compere and Long. The metric is transformed to variables
in which the horizon is located at the surface r = 2M , where M is the mass of black hole. We
consider general diffeomorphisms which preserve the gauge and the near-horizon structure of
the metric and find the corresponding transformations of metric components. We review the
action of the generators of supertranslations preserving the static gauge of the metric and
determine a subgroup of supertranslations preserving the gauge and near-horizon structure of
the metric. Variation of the surface charge corresponding to the Killing vectors of asymptotic
horizon symmetries is calculated. Sufficient conditions of integrability of the variation of the
surface charge to a closed integral form are found and an example of metrics with integrable
charge variation is discussed.
1 Introduction
BMS symmetry is a symmetry of the asymptotically flat spaces at the null infinity. The infinite-
dimensional group of the BMS transformations extends the Poincare group and contains supertrans-
lations, angular-dependent shifts of retarded time at null infinity [1, 2, 3]. Finite supertranslation
diffeomorphisms map field configurations to inequivalent, physically different configurations which
differ by structure of a cloud of soft particles [4, 5, 6]. Configurations with different supertranslation
fields are physically different in a sense that their corresponding (superrotation) charges are different
[7, 8, 9, 10, 11, 12].
The final state of gravitational collapse is diffeomorphic to the Kerr space-time. The set of diffeo-
morphisms contains supertranslations, and the resulting stationary metric contains supertranslation
field. The final state of collapse is parametrisied by mass, angular momentum and supertranslation
field [12].
The BMS transformations are naturally formulated at the null infinity, and there is a complicated
problem of extension of an asymptotically defined metric with supertranslation field in a closed form
to the bulk. In paper [11] a family of vacua containing supertranslation field was constructed in the
1e-mail iofa@theory.sinp.msu.ru
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bulk. In paper [12] a solution-generation technique was developed and applied to construction of
the exact solutions to Einsteins equations which are black hole metrics containing supertranslation
field. It is an interesting question, how the infinite-dimensional symmetries of the space-time reveal
themselves in the near-horizon physics.
Because many problems of black-hole physics are connected with horizon structure of black holes,
and having an explicit example of a metric with supertranslation field, in the present paper we study
the near-horizon symmetries of the black hole metric [12] containing supertranslation field.
In Sect.2 the metric of [12] is transformed to a form in which horizon of the black hole is located
at the surface r = 2M , where M is the mass of black hole. Solving the geodesic equations, we show
that the surface r = 2M is the surface of infinite red-shift.
In Sect.3 we study general near-horizon symmetries of the metric preserving the form of the
metric components in the leading orders in distance from the horizon r− 2M . Solving the equations
for the asymptotic Killing vectors corresponding to near-horizon symmetries of the metric, we find
variations of the metric components under the action of generators of the asymptotic near-horizon
symmetries.
In Sect.4, first, we review the action of supertranslations preserving the static gauge of the metric.
Restricted to the near-horizon region, supertranslations act as near-horizon symmetries. We find a
subgroup of the group of supertranslations which preserve both the gauge and the near-horizon form
of the metric.
In Sect.5, using the results of Sect.3, we calculate variation of the surface charge corresponding to
the asymptotic horizon symmetries. Sufficient conditions on the metric making possible integration
of the variation of the charge over the space of metrics to a closed form are found. Example of metrics
with supertranslation field depending only on spherical angle θ is considered. It is shown that in this
case there appear relations between the components of the metric which make possible integration
of the variation of the charge to a closed expression.
Sect.6 contains remarks on connection of the results of the present with other papers.
2 Static metric with supertranslation field
In this section, after a short review of black hole with supertranslation field constructed in [12], we
transform the metric to a form with the horizon located at the surface r = 2M . Solving the geodesic
equations for null geodesics we show that the surface r = 2M is the surface of infinite red-shift.
Vacuum solution of the Einstein equations containing supertranslation field C(z, z¯) is
ds2 = g˜mndx
mdxn = (1)
= −(1−M/2ρs)
2
(1 +M/2ρs)2
dt2 + (1 +M/2ρs)
4
[
dρ2 + (((ρ− E)2 + U)γab + (ρ−E)Cab)dzadzb
]
,
where za = z, z¯. Supertranslation field C(z, z¯) is a real regular function on the unit sphere. Here
ρs(ρ, C) =
√
(ρ− C − C00)2 +DaCDaC. (2)
C00 is the lowest spherical harmonic mode of C(z, z¯). In the following we do not write C00 explicitly
understanding C → C − C00. Covariant derivatives Da, a = z, z¯ are defined with respect to the
metric on the sphere ds2 = γzz¯dzdz¯, z = cot
θ
2
eiϕ, γzz¯ = 2e
−2ψ, ψ = ln(1 + |z|2). Also we consider
the metric (1) written in spherical coordinates with the metric on the sphere ds2 = dθ2 + sin2 θdϕ2.
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The tensor Cab and the functions U and E are defined as
Cab = −(2DaDb − γabD2)C,
U =
1
8
CabC
ba, (3)
E =
1
2
D2C + C,
and in z, z¯ representation are equal to
Czz = −2DzDzC, Cz¯z¯ = −2Dz¯Dz¯C, Czz¯ = 0, (4)
U =
1
4
(γzz¯)2D2zCD
2
z¯C, (5)
E = γzz¯DzDz¯C + C. (6)
We introduce a new variable r = r(ρ, za) chosen so that the g˜tt component of the metric is equal to
1− 2M/r [13]. Variable r is defined the by the relation
r = ρs(ρ, C)
(
1 +
M
2ρs(ρ, C)
)2
. (7)
Inversely, ρ is expressed through r as
ρ = C +
√
K2
4
−DaCDaC,
where we introduced the functions
K = r −M + rV 1/2, V = 1− 2M
r
. (8)
Introducing
ba =
2∂aC
K
, b2 = bab
a, a = z, z¯, (9)
we have the expression for dρ(r, za) in a form
dρ =
K
2
√
1− b2
[
fadz
a +
dr
rV 1/2
]
, (10)
fa = ba
√
1− b2 − ∂ab
2
2
. (11)
Writing
((ρ−E)2 + U)γzz¯ =
(
K
2
)2
gˆzz¯, (12)
(ρ−E)Czz =
(
K
2
)2
gˆzz, (13)
(ρ− E)Cz¯z¯ =
(
K
2
)2
gˆz¯z¯. (14)
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we express the metric (1) in a form
ds2 = gttdt
2 + grrdr
2 + grzdrdz + grz¯drdz¯ + gzzdzdz + gz¯z¯dz¯dz¯ + 2gzz¯dzdz¯ =
= −V dt2 + dr
2
V (1− b2) +
r(fzdz + fz¯dz¯)dr
V 1/2(1− b2) +
+r2
[(
f 2z
1− b2 + gˆzz
)
dz2 +
(
f 2z¯
1− b2 + gˆz¯z¯
)
dz¯2 + 2
(
fzfz¯
1− b2 + gˆzz¯
)
dzdz¯
]
. (15)
To obtain the metric in a form (15), we have used the relations
(1−M/2ρs)2
(1 +M/2ρs)2
= V, (1 +M/2ρs)
4 =
4r2
K2
. (16)
For the above expressions to be well-defined, we require that 1 − b2 > 0. Because K is the
increasing function of r having its minimum at r = 2M the sufficient condition is 1−|2∂zC/M |2 > 0.
In (15) we separated the factors V which are most singular in the near-horizon limit r → 2M .
To show that the surface r = 2M is the infinite red-shift surface, we solve the null geodesic
equations in the metric (15) in the limit V → 0. Geodesic equations can be written either in a
form using the Christoffel symbols, or starting from the Lagrangian corresponding to the metric [14].
Separating the leading in V → 0 parts of the metric components, we obtain the Lagrangian in a form
L = −V t˙
2
2
+
r˙2g¯rr
2V
+
g¯raz˙ar˙
V 1/2
+
1
2
g¯abz˙az˙b. (17)
Here dot is derivative with respect to an affine parameter along the geodesic τ , bar over metric
component means that the leading in V → 0 factor is written explicitly. The Lagrange equations are
d(tV )
dτ
= 0, (18)
r¨g¯rr
V
+
r˙2g¯rr,r
V
+
r˙2g¯rrV,r
2V 2
+
g¯arr˙z˙a
V 1/2
− g¯raz¨a
V 1/2
+
t˙2V,r
2
+
1
2
g¯ab,rz˙az˙b = 0, (19)
− g¯arr˙
2V,r
2V 3/2
+
g¯arr˙
2
V 1/2
+
g¯arr¨
V 1/2
+ g¯abz¨b + g¯ab,rr˙z˙b +
1
2
g¯bc,az˙bz˙c = 0. (20)
We look for a solution in the asymptotic region V → 0 in a form
t˙ =
E
V
, (21)
r˙ = C + C1V
1/2 + · · · , (22)
z˙a = AaV
−1/2 + A1a + · · · . (23)
Substituting the Ansatz in Eqs. (18)-(19) and separating the leading in V → 0 terms, we have
V −2[E2 − g¯rrC2 − g¯raAaC] = 0, (24)
V −3/2[g¯raC + g¯abAb] = 0. (25)
Solving the system (24)-(25), we obtain
Ab = −(g−1)bag¯ar, (26)
E2 = [g¯rr − g¯rb(g−1)bag¯ar]C2. (27)
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Because of translation invariance of the metric in t, the system of equations (18)-(20) has the first
integral L = H = 0. Substituting the Ansatz with the solution (26)-(27), we find that in the main
order in V → 0 the relation H = 0 is satisfied identically. From (21) and (22) in the main order in
V → 0 we obtain
dr
dt
= ±|E|V (r). (28)
From this relation it follows that the surface r = 2M is the surface of infinite redshift [15].
3 Diffeomorphisms preserving the near-horizon form of the
metric
In this section we study general diffeomorphisms which preserve the form of the metric in the near-
horizon. To discuss the near-horizon geometry, we consider the leading in x = r − 2 terms in the
metric. Requiring that the functional form of the leading terms is preserved under the action of
diffeomorphisms, we obtain the restrictions on the vector fields generating diffeomorphisms. Trans-
formations preserving the gauge conditions grt = gat = 0 result in time independence of generators
of transformations, from transformations of other metric components follow restrictions on the x-
dependence of generators.
Separating the leading in x behavior in the metric components, we present the metric (15) as
ds2 = gttdt
2 + grrdr
2 + gradrdz
a + gabdz
adzb = (29)
= (−gtt,1x+O(x2))dt2 +
(grr,−1
x
+O(x−1/2)
)
dx2 + 2
(gra,−1/2
x1/2
+O(x0
)
dxdza +
+(gab,0 +O(x
1/2)dzadzb.
Under the diffeomorphisms generated by vector fields χk the metric components are transformed as
Lχgmn = χ
k∂kgmn + ∂mχ
kgkn + ∂nχ
kgmk (30)
We look for the components of the vector fields χk in a form of expansion in powers in x1/2
χk = χk0 + x
1/2χk1/2 + xχ
k
1 + · · ·
The metric (1) is written in the gauge
grt = gta = 0.
Transformations preserving the gauge conditions are
Lχgrt = ∂rχ
tgtt + ∂tχ
rgrr + ∂tχ
agar = 0 (31)
Lχgat = ∂aχ
tgtt + ∂tχ
rgra + ∂tχ
bgba = 0. (32)
From the equations (31)- (32) it follows that
χ˙r0 = χ˙
r
1/2 = χ˙
r
1 = 0, (33)
χ˙a0 = χ˙
a
1/2 = 0. (34)
Here ”dot” denotes differentiation over t.
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Transformations preserving the leading in x behavior of other metric components are
Lχgtt = χ
r∂rgtt + 2∂tχ
tgtt = O(x), (35)
Lχgrr = χ
r∂rgrr + ∂aχ
agrr + 2∂rχ
agar + 2∂rχ
rgrr = O(x
−1),
Lχgar = χ
r∂rgar + χ
b∂bgar + ∂aχ
rgrr + ∂aχ
bgbr + ∂rχ
rgar + ∂rχ
bgab = O(x
−1/2),
Lχgab = (χ
r∂r + χ
c∂c)gab + ∂aχ
rgrb + ∂aχ
cgcb + ∂bχ
rgra + ∂bχ
cgca = O(x
0).
From the transformation of the grr-component it follows that
χr0 = χ
r
1/2 = 0. (36)
From transformations (35) we extract transformations of the leading-order terms of metric compo-
nents
δχgtt = χ
r
1gtt + χ
a
0∂agtt + χ˙
t
0gtt
δχgrr,−1 = χ
r
1 grr,−1 + χ
a
1/2 gar,−1/2 + χ
a
0 ∂agrr,−1
δχgar,−1/2 =
1
2
χr1 gar,−1/2 + χ
b
0 ∂bgar,−1/2 + ∂aχ
b
0 gbr,−1/2 +
1
2
χb1/2 gab,0
δχgab,0 = χ
c
0∂c gab,0 + ∂aχ
c
0 gcb,0 + ∂bχ
c
0 gca,0
δχgab,1/2 =
1
2
χr1 gab,1/2 + ∂aχ
r
1 grb,−1/2 + ∂bχ
r
1 gra,−1/2 + χ
c
0∂c gab,1/2 + χ
c
1/2∂c gab,0 +
+∂aχ
c
0 gcb,1/2 + ∂aχ
c
1/2 gcb,0 + ∂bχ
c
0 gca,1/2 + ∂bχ
c
1/2 gca,0 (37)
The leading-order parts of the metric components are transformed through the functions
xχr1(z, z¯), χ
z
0(z, z¯), χ
z¯
0(z, z¯), x
1/2χz1/2(z, z¯), x
1/2χz¯1/2(z, z¯), χ
t
0(t, z.z¯). (38)
The variations of the metric components are used in Sect.5 for calculation of the surface charge
corresponding to asymptotic horizon symmetries. The Lie brackets of vector fields generating the
near-horizon transformations are
[χ(1), χ(2)]
k = χk(12), (39)
where
χt(12),0 = χ
t
(1),0
↔
∂ t χ
t
(2),0 +
(
χb(1),0∂bχ
t
(2),0 − (1↔ 2)
)
,
χr(12),1 = χ
b
(1),0∂bχ
r
(2),1 − (1↔ 2),
χa(12),0 = χ
b
(1),0
↔
∂ b χ
a
(2),0,
χa(12),1/2 =
(
χb(1),0∂bχ
a
(2),1/2 − (1↔ 2)
)
+ 1/2
(
χr(1),1χ
a
(2),1/2 − (1→ 2)
)
. (40)
4 Supertranslations preserving the static
gauge of the metric
The metric (1) was obtained in [12] in the static gauge g˜ρa = g˜ta = 0. The aim of this section
is to find which supertranslations preserve both the gauge and the form of the metric (15) at the
horizon. We shortly review the supertranslatons preserving the gauge of (1). Next, we write the
generator of supertranslations in the case of the metric (15). We find conditions on the generator of
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supertranslations under which the functional form of the component gtt at the horizon is preserved. It
is shown that these conditions are sufficient to preserve the near-horizon form of all the components
of the metric.
Generator of supertranslations preserving the static gauge of (1) was found in [12] and has the
form
ξT = T00∂t − (T − T00)∂ρ + F abDaTDb, (41)
where
F ab =
Cab − 2γab(ρ−E)
2((ρ−E)2 − U)2 .
Horizon of the metric (1) is located at the surface
ρH(z, z¯) = C +
√
1/4−DaCDaC. (42)
Horizon of the metric (15) is located at the surface r = 2.
Generator of supertranslations preserving the static gauge of the metric (15) is obtained from the
generator (41) by the coordinate transformation
χrT = ξ
ρ∂r
∂ρ
+ ξa
∂r
∂za
= ξρ
∂r
∂ρs
∂ρs
∂ρ
+ ξa
∂r
∂ρs
∂ρs
∂za
,
χaT = ξ
ρ∂z
a
∂ρ
+ ξb
∂za
∂zb
= ξaT . (43)
From (2) and (7), we have
∂r/∂ρs =
K2 − 1
K2
, ∂ρs/∂ρ =
√
1− b2, ∂ρs/∂za = K
4
[−2ba
√
1− b2 +Dab2]
In variables t, r of the metric (15) generator of supertranslations takes the form
χT = χ
t
T∂t + χ
r
T∂r + χ
a
T∂a, (44)
where
χtT = T00, (45)
χrT =
K2 − 1
K2
(
−(T − T00)
√
1− b2 + K
4
F abDbT (−2ba
√
1− b2 +Dab2)
)
,
χaT = F
abDbT.
Here F ab(r, za) = F ab(ρ = ρ(r, za), za). In the near-horizon region r = 2 + x, |x| ≪ 1, we have
K ≃ 1 +
√
2x, ba = ba0(1−
√
2x), ba0 = 2∂aC. (46)
For x≪ 1 the component gtt is
gtt =
x
2
+O(x2). (47)
Acting by the generator of supertranslations on the component gtt, we obtain
LχT gtt =
2
r2
K2 − 1
K2
(
−(T − T00)
√
1− b2 + K
4
(−2ba
√
1− b2 +Dab2)
)
. (48)
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In the near-horizon region (K2 − 1)/K2 = O(x1/2). To have the same form of the transformed
component gtt as in (47), the second factor in brackets in (48) should be of order O(x
1/2) or less, i.e.
−(T − T00)
√
1− b2 + K
4
F abDbT (−2ba
√
1− b2 +Dab2) = O(x1/2). (49)
This imposes condition on T (z, z¯)
[−(T − T00)
√
1− b2 + 1
4
F abDbT (−2ba
√
1− b2 +Dab2)]r=0 = 0. (50)
Eq.(50) for T (z, z¯) is solved in Appendix A. From ondition (49) it follows that the generator of
supertranslations in the near-horizon region has the following stracture
χT = O(x
0)∂t +O(x)∂x +O(x
0)∂a. (51)
It is seen that the generator is of the form found in Sect. 3, and its action preserves the near-horizon
behavior of all the metric components.
Transformations (41) and (44) form a commutative algebra under the modified bracket [12]
[ξ1, ξ2]mod = [ξ1, ξ2]− δT1ξ2 + δT2ξ1. (52)
5 Surface charge of asymptotic horizon symmetries
In this section, first, we calculate the variation of the surface charge corresponding to the asymptotic
horizon symmetries, and, next, discuss conditions on the form of the metric at the horizon which
allow for integrating the variation of the charge over the space of metrics to a closed form. We
consider a particular example of such metrics.
We use the short notations of Sect. 3:
gmn =
∣∣∣∣∣∣∣∣
−g¯ttx 0 0 0
0 g¯rr/x g¯rz/
√
x g¯rz¯/
√
x
0 g¯rz/
√
x g¯zz g¯zz¯
0 g¯rz¯/
√
x g¯zz¯ g¯z¯z¯
∣∣∣∣∣∣∣∣
gmn =
∣∣∣∣∣∣∣∣
−g¯tt/x 0 0 0
0 g¯rrx g¯rz
√
x g¯rz¯
√
x
0 g¯rz
√
x g¯zz g¯zz¯
0 g¯rz¯
√
x g¯zz¯ g¯z¯z¯
∣∣∣∣∣∣∣∣
, (53)
where g¯mn = gmn,k and gmn,k are the leading-order in x parts of metric components. The el-
ements of the corresponding matrix of metric variations calculated in Sect. 3 are denoted as
δgmn = hmn, δg¯mn = h¯mn. The inverse variations are defined as h
mn = gmkhklg
ln, and the trace
of variations is h = hmng
mn = h¯.
Variation of the surface charge of the asymptotic symmetries is calculated following [16]
6 δχQˆ(g, h) = 1
4pi
∫
(d2x)ab
√
g(2)
[
χa∇bh− χa∇σhbσ + χσ∇ahbσ + 1
2
h∇aχb (54)
+
1
2
haσ(∇bχσ −∇σχb)− (r ↔ t)
]
.
In present case (d2x)ab = (1/4)εabmndx
mdxn where m,n = z, z¯ and a, b = r, t. Integration is per-
formed over the sphere of the radius r = 2+x, determinant of the metric is g(2) = gzzgz¯z¯−g2zz¯, where
g(2) = g¯(2)/(2 + x)2. The limit x = 0 is taken at the and of the calculation.
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Calculating contributions of the leading-order in x → 0 parts of the five terms in the integrand
of (54), we obtain
1. χr∇th− χt∇rh = χrgtt∂th− χtgrr∂rh− χtgra∂ah = O(x1/2).
2. − χr∇shts + χt∇shrs = −χr∇thtt + χt(∇rhrr +∇ahra +∇thrt) =(
−g¯rr h¯tt
g¯tt
+ h¯rr
)
+O(x1/2).
3. χs∇rhts − χs∇thrs = χt∇rhtt − χr∇thrr − χa∇thra =
χt0
2
(
g¯rr
h¯tt
g¯tt
− h¯rr
)
+O(x1/2).
4.
h
2
(∇rχt −∇tχr) = h
2
[
(g¯rr∇r + g¯ra∇a)χt − g¯tt∇tχt
]
=
χt0
2
g¯rrh +O(x1/2).
5.
1
2
(hrs∇tχs − hts∇rχs) = 1
2
(hrr∇tχr + hra∇tχa − htt∇rχt) =
χt0
4
g¯rr
[
h¯tt
g¯tt
− (h¯rrg¯rrg¯rr + h¯rag¯arg¯rr + h¯rrg¯rag¯ar + h¯rag¯abg¯br)
]
+O(x1/2) =
= −χ
t
0
4
(
g¯rr
h¯tt
g¯tt
+ h¯rr
)
+O(x1/2).
6. − 1
2
(hrs∇sχt − hts∇sχr) = −1
2
(hrr∇rχt + hra∇aχt − htt∇tχt) = (55)
−χ
t
0
4
(
g¯rr
h¯tt
g¯tt
+ h¯rr
)
+O(x1/2).
In item 2 we have used that
∇rhrr = ∂rhrr + 2Γrrrhrr + 2Γrrahra = h¯rr − h¯rr(g¯rrg¯rr + g¯rag¯ar) +O(x1/2) = O(x1/2),
and in item 5 we used the identities
g¯rrg¯rr + g¯
rag¯ar = 1,
g¯rrg¯ra + g¯
rbg¯ba = 0.
Substituting the expressions (55) in (54), we obtain
6 δχQ(g, h) = 1
16pi
∫
dzdz¯
√
g¯(2)
χt0
2
(
g¯rrh− h¯rr − g¯rr h¯tt
g¯tt
)
. (56)
The combination in the integrand can be presented as
g¯rrh¯− h¯rr − g¯rr h¯tt
g¯tt
= (g¯rrg¯ab − g¯rag¯rb)h¯ab. (57)
Denoting determinant of the 3D part of the metric as g¯(3), and using the identity
g¯rrg¯ab − g¯rag¯rb = g¯abg¯(3),
we can write (57) as
(g¯rrg¯ab − g¯rag¯rb)h¯ab = (g¯zzδg¯z¯z¯ + g¯z¯z¯δg¯zz − 2g¯zz¯δg¯zz¯)/g¯(3) = δ g¯
(2)
g¯(3)
(58)
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A sufficient condition of integrability of (56) is g¯(3) = f(g¯(2)), where f is an integrable function. This
case is realized, if supertranslation field depends on |z2|, or, in spherical coordinates θ, ϕ, only on θ,
i.e. C(z, z¯) = C(|z|2) = C˜(θ). In this case, because of the identity g¯rrg¯θθ − g¯2rθ = g¯θθ (see Appendix
B), we have g¯(3) = (g¯rrg¯θθ − g¯2rθ)g¯ϕϕ = g¯(2). The charge is
Qˆ =
1
16pi
∫
χt0(g¯θθg¯ϕϕ)
1/2dθdϕ sin θ + Qˆ0. (59)
With χt0 independent of θ the charge is proportional to the surface of the horizon, i.e. to the entropy
of the black hole.
6 Conclusions
In this paper we studied the near-horizon symmetries of the metric of a black hole containing super-
translation field. To study general transformations preserving the near-horizon form of the metric,
we transformed the metric to a coordinate system in which the horizon of the metric is located at
the surface r = 2M . Solving the geodesic equations for null geodesics, it was shown that the surface
r = 2M is the surface of infinite redshift. We reviewed the action of the generators of supertransla-
tions preserving the gauge of the metric and found a class of supertranslations which also preserve
the near-horizon form of the metric.
Next, we determined the form of generators of asymptotic horizon symmetries preserving the
near-horizon form of the metric with supertranslation field. Variations of the metric components
under the action of generators of near-horizon symmetries were obtained. Using the variations of
the metric components, we obtained variation of the surface charge corresponding to the asymptotic
horizon symmetries.
Studying the form of the variation of the surface charge, we found a sufficient condition of
integrability of the variation of the surface charge over the space of metrics to a closed expression.
In the case of metrics with the supertranslation field depending on |z2|, or, in spherical variables
θ, ϕ, with dependence only on θ, it was shown that due to specific relations between the metric
components, it is possible to integrate the variation of the surface charge and obtain the charge of
horizon symmetries in a closed form. The charge is proportional to the horizon surface and can be
interpreted as entropy of the black hole.
Horizon symmetries of a class of metrics with the near-horizon form
ds2 = −2κρdv2 + 2dv dρ+ 2ρha(x)dv dxa + (ωab(x) + ρλab(x))dxadxb, xa = z, z¯ (60)
were previously studied in many papers, as examples, in [17, 18, 19, 20, 21, 22, 23]. Horizon of the
metric is located at ρ = 0, and ρ is a distance of the surface ρ = const from the horizon. The metric
is written in the gauge gρρ = gρa = 0.
In the near-horizon region the metric components are expanded in power series in ρ [24]. In
contrast to this case, the metrics considered in the present paper are expanded in series of (r−2M)1/2.
In the limit of vanishing supertranslation field the terms with fractional powers of r − 2M vanish.
The charge of the asymptotic horizon symmetries for metrics (60), in the case κ = const was
obtained in [20, 21] in a form
Q =
1
16piG
∫
dzdz¯
√
γ(2TκΩ− yaθaΩ).
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Here T (z, z¯) is a part of the asymptotic Killing vector χv(z, z¯, v), and the metric component ωab has
diagonal form ωab = γabΩ. The volume
√
γ Ω dzdz¯ is an analog of the volume
√
g¯θθg¯ϕϕ sin θdθdϕ in
(59), and T is an analog of χt. It is seen that the corresponding structures of the charges in both
cases are similar.
The near-horizon transformations for the pure Schwarzschild metric were considered in [18] and
refs. therein. In the limit of vanishing supertranslation field the results of these papers and the
present paper are identical.
7 Appendix A
In this Appendix we find general solution of Eq. (50)
[−T
√
1− b2 + 1
4
F abDbT (−2ba
√
1− b2 +Dab2)]r=2 = 0 (A1)
which can be presented in a form
T + F aDaT = 0, (A2)
where
F a =
1
2
F ac(bc + ∂c
√
1− b2)|r=2
Following the general rules of solving the differential equations with partial derivatives [25], we
consider a function W (T, z, z¯) satisfying the equation
T
∂W
∂T
+ F z
∂W
∂z
+ F z¯
∂W
∂z¯
= 0. (A3)
Eq.(A3) is solved by writing the system of ordinary differential equations
dT
T
=
dz
F z
=
dz¯
F z¯
. (A4)
Let the independent first integrals of the Eq. (A4) be
ψ1(T, z, z¯) = C1, ψ2(T, z, z¯) = C2. (A5)
The general solution of the Eq. (A3) for W (T, z, z¯) is
W = f(ψ1, ψ2), (A6)
where f is an arbitrary smooth function. The function T (z, z¯) is determined from the equation
f(ψ1, ψ2) = 0. (A7)
8 Appendix B
If supertranslation field depends C(z, z¯) depends only on |z|2, it is convenient to parametrise the
unit sphere by θ, ϕ coordinates. In these coordinates the metric (15) takes a form
ds2 = gµνdx
µdxν = −V dt2 + dr
2g¯rr
V
+
2drdθg¯rθ
V 1/2
+ dθ2g¯θθ + dϕ
2 sin2 θg¯ϕϕ
= −V dt2 + dr
2
V (1− b2) + 2drdθ
br(
√
1− b2 − b′)
(1− b2)V 1/2 +
+dθ2r2
(
√
1− b2 − b′)2
(1− b2) + dϕ
2r2 sin2 θ(b cot θ −
√
1− b2)2, (B1)
11
where b = 2∂θC(θ)/K. It is explicitly verified that the metric components are connected by a relation
grrgθθ − g2rθ =
gθθ
V
. (B2)
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